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1.   Introduction 

This    is    a  report   on  the   study   of  a  certain  problem  asso- 
ciated with   the  perturbation  of  continuous    spectra,   where   the  per- 
turbing  operator   is    a  singular   integral   operator.      Here  we   shall 
consider  only   the   special   one-parameter  family  of  operators 

b 

(1.1)  LgX(X)    =  \x(\)    +  "H  ^     f    ^  ^^^ 

a 

2 
whose  domains  consist  of  the  space  L  (a,b)   of  square  integrable 

functions  x(X)   defined  on  the  interval   (a,b)   of  the  real  axis 

of  the  complex  plane.   (The  integral  which  occurs  in  (1.1)  is  to 

be  interpreted  as  a  Cauchy  principal  value.)   For  convenience  we 

shall  assume  that  e  >  0  . 

The  investigation  of  (1.1)  was  initiated  in  order  to  pro- 
vide an  example  for  the  following  problem: 

Let  L  be  the  operator  L   of  the  expression   (1.1)  . 
This  operator  is  symmetric  and  possesses  a  simple  continuous  spec- 
trum which  consists  of  the  closed  Interval   from  a  to  b  .   Find 
bounded  symmetric  operators  K  for  which  the  perturbation  L  +  eK 
of  the  operator  L  causes  a  simple  shift  of  the  spectrum  in  a  non- 
trivial  manner. 

A  general  estimate  of  the  spectral  shift  for  the  perturba- 
tion L  +  eK  may  be  easily  derived.   We  state  this  estimate  in  the 
form  of 
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Lemma  1.1; 

The  spectrum  of  the  operator  L  +  eK  lies  within  the  closed 

interval  from  a  -  e||K||   to  b  +  e|[Kll  ,   where   ||kI|  stands 

for  the  norm  of  K  . 

Proof:   Let  \   be  any  point  of  the  real  axis  which  does  not 
o 

belong  to  this  Interval,  so  that  the  distance  of  X   from  this 
interval  is  a  positive  number  6  .   Suppose  that  \       belongs  to 

the  spectrum  of  L   .   Then  there  exists  a  sequence  {x  }  , 
X  eL(a,b),  l|xll=l,   such  that 

(1.2)  ILm   II{L  +  eK}x   -  \  x  I  I  =  0  .^ 

^  ^^  n    on'' 


Let     5       be   an  arbitrary  positive  number   j      then, 


IKl   -   \^)x^  -    eKx^ll    <   5^   ,    n  >  N(5^) 


so   that 


1!(L  -  X^)x^|!    <  6^  +  e||K| 


On  the   other  hand. 


1|(L  -   \)x\\    >  5  +   el|K|I      , 


o      n 


since  the  distance  of  \   from  the  interval   (a  -  eI|K|[,  b  +  eI|K| 

was  5  .   Thus  we  have  5  <  5   .   f 

o 

arbitrary,  we  have  a  contradiction. 


was  5  .   Thus  we  have  5  <  5   .   Since  5   is  fixed  while  6   is 

o  o 
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In  Section  I4.,  we  shall  prove  that  In  our  case   [  [k]  1=1. 
From  the  spectral  representation  of  the  operator  (1.1)  which  we 
derive  in  Section  6,  we  shall  be  able  to  conclude  that  L   has 
a  simple  continuous  spectrura  which  consists  of  the  closed  interval 
from   a  -  e   to  b  +  e  .   Thus  the  shift  produced  by  the  perturba- 
tion (1.1)  is  essentially  maximal. 

The  spectral  analysis  of  (1.1)  is  based  upon  an  attempt  to 

obtain  an  elgenfunction  expansion  for  the  operator  L  ,  i.e.   an 

2  2 

isometric  transformation  of  L  (a-e,  b+e)   onto  L  (a,b)   which 

b+e 

is  of  the  form   J  G{i,\,  e.)g{^)dj>   ,    a  <  X  <  b  ,  where  G{^,\,t) 

a-e 

is  an  improper  elgenfunction  of  the  operator  L   ,  corresponding 
to  the  improper  eigenvalue  ^  .      Naturally,  the  work  here  leans 
heavily  upon  the  theory  of  singular  integral  equations.   A  clear 
exposition  of  this  theory  may  be  found  in  the  works  of  N.  •'I. 
Muskhelishvili  [3]  and  S.  G.  Michlln  [2]  . 


2 .    Improper  Eigenfunctions . 

As  usual,  a  function  x(X)   is  called  an  elgenfunction  of 
the  operator  L   corresponding  to  the  eigenvalue   /  ,  if 


(2.1)  LgX(X)  =  /x(\) 


In  order  to  find  such  functions   x(\)  ,  we  must  examine 
the  singular  integral  equation 

b 
(2.2)  (X  -  /)x(X)  +  ^^  P  I  ^  d^L  =  0  . 


U; 
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We  now  suppose  that  x(\)   is  a  solution  of  (2.2),  which 
satisfies  the  following  conditions: 

(i)  On  any  closed  subinterval  (a',b')  of  the  interval 
(a,b),  which  does  not  include  the  end  points  a,b,  the  function 
x{\)      satisfies  a  Holder  condition; 

(11)   near  the  ends   a,b,   the  function  x(\)   is  of  the 
form 

x(\)  =  -^^   ,      Y  -  a  +  IP     0  <  a  <  1  , 
{X-c)Y         0     0         0 

where  c   is  either  of  the  ends   a,  b,  a   and  p   are  real  con- 

0         o 

stants  and  x'"(X)   satisfies  a  HBlder  condition  near  and  at  c  . 

The  analytic  function  X(z)   which  is  defined  by  the 
relation 

b 

a 
then  satisfies   the  barrier   equation 

(2.U)      (X-/+e)x'^(\)    -    (X-/-e)x'(\)   =  0    ,      a  <  X  <  b    , 


where     x"^(X)   =  llm  X(z)  and     X~(X)    =  lirn  X(z)    ,    since 

z->X,Im   z>0  z->X,Im   z  <0 

X"^(X)    +  X~(X)    =  ^Py    ^-^  d[i  and     x"*'(X)    ~  X~(X)    =  x(X)    .      Furthermort 
(2.5)                                  X(oo)  *  0    , 
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(2.6)  X(z)  =   (T( — - — ~)    ,      a  <  1  ,  near  a 

(z-a)^ 


and 


(2.7)  X(z)  =  Ci      ^     -n)    ,   P  <  1  ,  near  b  .   [3]  . 

(z-b)^ 


The  fundamental  solution  of  equation 


(Z.ii.)    is  given  by  the  expression 

b 
ZtT 


(2.8)  E(/,z,8)  =  e"^^  ^  °^  ^^"^^^  ^^-^ 


It  can  be  shown  that  E(/,z,e)   satisfies  the  conditions  (2.6), 
(2.7),  while  E(/,co ,e)  =  1  . 

If  X(z)  is  a  solution  of  (2.ij.),  then 


+ 

(2.9)         -ZJJlI LA2lI — ,  =  0  , 

E  (/,\,e)   E""(/,X,e) 
so  that  if  X  (X)  ,  X  (\)   are  continuous  for  a  <  X  <  b  , 


(2.10)  X(z)  =  E(/,z,e)P(z)  , 

where  P(z)  is  regular  in  the  entire  plane,  except,  perhaps,  at 

the  points  a  and  b  ,   If  X(oo)  =  0  ,  then  we  must  have 
P(oo  )  =  0  . 


s   X 
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If   (\-/)   -  e  i"  0  >  this  process  may  furnish  a  solution 
X(z)   of  (2.ij.)  which  also  satisfies  (2.5),  (2.6)  and  (2.7).   In 
that  case,   x(\)  =  X  (X)  -  X'(\)   is  an  integrable  function  which 
satisfies  (2.2).   For  real  values  of  /  which  lie  outside  the 
Interval   (a-e,  b+e)  ,  the  problem  (2.ij.)  can  never  have  a  non- 
trivial  solution  which  also  satisfies  (2.5),  (2.6),  and  (2.7), 
since  in  this  case  E(/,z,e)   is  bounded  near  the  end  points   a,b 
and  does  not  vanish  there. 

The  condition   (X-/)   -  e  =|=  0  was  needed  to  insure  the 

integrability  of  the  function  x(X)  .   We  now  relinquish  this 

+       - 
integrability.   Any  fvmction  x(X)  =  X  (X)  -  X  (X)  ,  where  X(z) 

satisfies  (2.i|),  (2.^),    (2.6)  and  (2.7),  will  be  called  an  improper 

eigenfunction  of  the  operator  L   corresponding  to  the  eigenvalue  / 

If  we  set 


E  (i,z,e)  =  lim        E(/,z,e)   , 
/->i,Im  />0 


E  (i,z,e)  =  lim       E(X^z,e)   , 
/-»^,Im  /<0 


where  ^  is  real,  then  the  functi 


on 


(2.11)  F(^,z,e)  =  E^(.C,z,e)  -  E_(>,z,e) 

furnishes  the  improper  eigenfunction 
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G(4X,e)   =  F"^(i,\,e)    -   P"(^,X,e)    • 

(Observe   that   If     ^<a-e      or     ^  >  h  +   &    ,    then     P(ii,  z,e)   =  0.) 

3.      Relations   for   the  Fiindainontal   Solution. 

The  function     E(/, z,e),    of  course,    satisfies 

(3.1)  (X-/+e)E^(/,X,e)    -    {X-/-e)E"(/,X,e)   =  0    ,        a  <  X  <  b    . 
By  analyzing     E(/,z,e)      directly,    one  may  also   establish   that 

(3.2)  {mln(i+e,b)-z}   E(^,z,e)-    {max(  ^-e,  a) -z}   E   (S,z,e)   =  0    , 

a-e  <  i  <  b+e    . 

It  Is  interesting  to  observe  that  the  fundamental  solution 

2-/1   max(v-e^  a)-z  nv 
D(z,/,e)  =  e^^i  ^-^   ^^  mTKUr^M-z   "^ 

of  the  barrier  equation  (3«2)  is  equal  to  E(/,z,e)  .   This  may  be 
shown  through  integration  by  parts.   Purtherm.ore, 


(3-3)  E(/,2,e)  =  E(7,z,-e)  =  ^(/iz,-^) 


We  now  perform  several  calculations  which  lead  to  results 
which  are  fundamental  to  our  later  Investigations.   We  first  remark 
that  E(/,z,e)   satisfies  conditions  (2.6)  and  (2.7)  with  a,p  <  i  . 
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Next,  we  compute  the  Integral 


2~  ^E(/^,2,e)E(/2,z,-e)cl2 


over  the  contour  described  In  the  diagram  belowi 


b    / 


By  the  Cauchy  residue  theorem,  we  can  conclude  that 


(3.i^)  ^W)E(/^,z,e)E(/2,z,-e)dz  =  ^-^log  ^jrr+e  ^^ 

1    r      ^"4"^ 


■2 


On  the  other  hand,  we  also  have 


(3.5)  2^^E(/^,z,e)E(/2,z,-e)dz  -^  r^^^{i^,z,z)^iJ^,l^,z)^-L    (from  (3- 

b  .^_ 

=  2ii  /  ^^"^^'^l''''^^^'^'^2''^'^^  -  E"(/^,X,e)E'^(J2A,e)}d\   . 


a 


¥e  now  define 


(3.6)  H(/,X,e)  =  &■■*"(/, X,e)  -  E'(/,X,e)   . 


3-  . 

•<-      It. 
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Through  Relation  (3-1),  we  can  prove 


(3.7)  (i'-L-/2){E'"(72'^'e)-  E'(J^,\,&)}{E'{/-^A,e)    -   E"(/^,X,e)} 


=  (/^-/2)H(72A,e)H(/^A,e) 


=  2e{E^{J^,\,e)E'{^^,\,z)    -  E~{J^,X,&)F:^if^,\,t)}    . 


Thus,    from   (3'U),    (3-5),    and   (3.7),    we  have 

^3-8)   -^  j     H(72A,e)H(/^,A,e)dX  =  ^{ j  log  -3^  d^t 
a  a 

a 

By  integration  by  parts,  we  may  show  that 

(3-9)  /  log  ^  ^^   =  /  Wiv^j^^aivie^  a,  , 
a  a-e 

so  that 


(3.10)  f    H(72,\,e)H(/^,X,e)d\ 


b+e 


=  1^   ! /"   /   {max(v-e,a)-  min(v+e,b)  }{•— ^^ TTT^l^^  • 

a-e 

If     Y     is  real,    with      a-e  <  y  <  b+e    ,    ajid      T]  >  0    ,    then  from    (3-10) 
we   Immediately  obtain 


v-ati^ 


iffo-xl    ,aiJ .-IT 
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X,r'>)H(3,/,^l 
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(3.11)  lira  -^    f  H(/p,\,e){H(Y+i'^>'^.e)  -  H(Y-i^,X,  e)  }d\ 

n-^0  '^"■■^  J       "^ 
'       a 


—nr   {raax(Y-e,a)  -  mlii(Y+e,t>)  }  • 


We  now  remark  that  E(/,z,e)   Is  bounded  for  /  near  the 
points   a-e,  b+e  .   Next,  we  evaluate  the  integral 


/ 


^<)E(/,z^,e)E(/,Z2.-e)d/ 


over   the   contour   described   in  the   diagram  below: 


By  the  Cauchy  residue   theorem  we   can  conclude   that 


(3.12) 


^€)E(/,Z3_,e)E(;,Z2re)d;  =   - 


e 

Tti      _; 
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d[j, 
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Tti 


dfX 
H.-Z, 


Furthermore, 


f 


(3.13)     ^l3)E(/,z^,e)E(/,Z2,-e)d/  =  f^nL-z-^,^)nJ  ,z^,t)H 


b+e 


=  Jk 

2n 


1     j       {E^(i,z^,e)E_(i,Z2,e)    -   E_  (  &,z-|_,  e)E^(  ^,  Z2,  e)  }d^   . 
a-e 
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Prom   (3 -2)    we   can  show  that 


(3.11;)    {z^-z^)F{^,z^,e)F{.^,z^,e) 


{raax(5-e,a)-  min(^+e,b)  }{E^(5,  z^,  e)E_(  ^,  Zp,  e)    -   E_(  :^,z^,  e)E^(^,  Z2,  e) } 


Thus 

b+e 


-,        7^        P(^,2,  ,F)F(^,I,,e) 


k^.xp;    27ri     j       max(i-e,a)-min(^+e,bT  jii'Tz' -zTJ   ^     ^'-'H  ~    J  ^'^2 

a-e  aa 


Purthermore,    for  real      w     ,    a  <   co  <  b    ,    aiid      t]  >  0 


,        y^    P(i,ZT,e){F(S,a>fir),e)-   F(i,co-iT],e)}d^         p 

Q  2ni     J        m8:K^S-e,a)-inlii(i+e,b)  "'  ~  oTzT 

' ''  a~  e  ^ 


^-   The  Finite  Hilbert  Transform. 

We  Interrupt  the  continuity  of  the  discussion  now,  in  order 
to  investigate  our  choice  of  K  ,  the  operator 

b 

a 

The  elgenfimctlons  associated  with  this  operator  are  found 
by  examining  the  singular  Integral  equation 


ik.2)  /x(M  -  J.  p  [  ii;;i .,  =  0   . 


.1) 


1    > 


rf 
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¥e  now  procefid  as  in  Section  2.   If  x{\)      Is  a  solution  of  (i|-2) 
jWith  properties  (i)  and  (ii)  of  Section  2,  then  the  analytic  fxmction 

b 


(1;.3)  X{z)   =J^    f  ^-I  dp, 

2111  /   [i-z 


satisfies  the  barrier  equation 

ik.k)  (/-1)X'*"(X)  -  (/+1)X"(\}  =  0  ,    a  <  \  <  b  , 

and  the  conditions  (2.5),  (2.6)  and  (2.7)  •   Conversely,  if  /  =}=  +  1  , 
every  solution  X{z)      of  ([j..Ii.) ,  which  also  satisfies  (2.5),  (2.6)  and 
(2.7),  furnishes  a  solution  x(A)  of  ([j..2)  through  the  equation 
x(X)  =  X'*'(\)  -  X~(\)  . 

The  fundamental  solution  ^(/,2)   of  ik'k)   has  the  form 

^(lo^  t^)    /    -^      . 

We  now  restrict  ourselves  to  the  values  /  =  ^  ,  where  ^  is  real 
and  not  equal  to  1   or  -1  .   Clearly,  a  solution  of  (k-h)    which 
also  satisfies  (2.5),  (2.6)  and  (2.7)  is  given  by 

ik'C)  Jri£,z)  =   6^(i,z)  -  6.(^,2)   , 


where 


f  (i,z)  =  11m         ^(/,z)  , 

^  (^,z)  =  lim         £(/,z)  .   V 
/->i,  Im  /<0  '^ 
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(Observe  that  J^^,z)  =  0   for  |^|  >  1.)   It  can  furthermore  be  shown 
that  J-  {-S>,z)      is  the  only  linearly  independent  solution  of  [k-k) 
which  also  satisfies  the  subsidiary  conditions. 
Of  course  when   |  s|  <  1  , 

We  obtain  an  improper  eigenfunction  for  the  finite  Hilbert 
transform,  by  forming 


J'''(^,X)  -  J^"(i,X)  , 


a  <  \  <  b   , 


where 


^■^(i,X)  =  lirn         sfikz) 

z->\,Im  z  >  0 

^~{^,\)   =  lim  <^^,z)   . 

z->X,Im  z  <  0 


An  easy  computation  shows  that 


i^WOii: 


if '>     ft  r>,  • 


iXX 


\  •  1  rt  ■■\      .  >  ri  -t 


••    >  ^;  >  f» 


,""•.!!«; 


*Br(i    -.£ 


'  ■-; 


Ui'?8il3-^ 


j^nc^ 


e 


Ji^^ 


)(X-a)(b-X) 


(U.8)    J'^{^,\)    -^~[^,\)   =  -   21(b-a) 

We    shall  now  prove 
Theorem  ij..l; 

The  formulae 

f(X)    =  i/^  l.l.m.  /        ^~ g(^)dl 

5-^0, 5>o  _{^g  y;T7?7rx-a)(b-x) 

1/-..-  l+5xr-.„_  X-a, 


b-5        -  _^(iogi^)(log^) 

1        •?      m 


:(-i)  =  ^/^  i-i.m.        (         ^ —  f(X)dX 


5-^0. 5>0  ^^5        y(l-^^)(X-a)(b.X) 


are  inversion  formulae  which  represent  an  isometry  between  the  spaces 

L^(a,b)   and  L^(-l,l)  . 

Proof:    The  Fourier  inversion  formulae  are 

M 


p(v)  =  -i-  l.i.m.  /  e^^^G(u)du 
J2%   N,M->oo  l^ 


M 
J2^   N,M->oo 


G(u)  =-i  l.i.m.   f  e"^'^^P(v)d.v  .    [5]   • 


We  now  introduce  the  new  variables 


u  -  —-.  log  ^--g  ,  V  -—:;::  log  -^-5"    , 

/2Tt  ^  ^  /2it  ^  ^ 


so  that 


du  _  ^  1      dv  _  b-a     1         m  4.       *.     nf  ,\ 
dl~^l-^     '   "dX  -j;^-(x-a)(b-X)  '   Next,  we  set  G(u) 

=V|/l-^(u)  G^(u)  .   Thus 


.q    W' 


'^        (8.'') 


I  o(ir 


^.'.r-. 


—^    ',,-1  r  , 


^.  -  r 


.  it!  ,  X   .  i 


■  oL)^. 


-  -(.  r 


:)U"A 


r  \ ' 


^. -a.; 


a^-io: 


.    (I.I 


.'r.rt 


;-tCO 


.00  1  t 


.«, 


H-:  ''■' 


(v)-^ 


Vl.'t. 


•s 


•  ;■.  f 


(w)0     .lor. 


7"'^] 


EUitt         .      (i- 
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CX3 


J 
-00 


|G(u)|^du  =    j     |G^(u(i))|2di 


2  2 

If     G(u)    e  L   (-co,co),    then     P(v)    e  L   (~co,c»)    .      Furthermore, 


00 


CO 


j    |P(v)|^dv  =     I    lG(u)|^du   .      [5]    . 

-00  -00 


We   now   set     P(v)    =     •^^^- v/TxC  v) -a)  (b-A(  v)  )    F,  (v)       . 

CO  b 

lF(v)l^dv  =     !   lF^(v(X))|^dX      . 
-00  a 


Then 


Furthermore, 


^^^^^^)  =tt^/3T'-'-"^ 


l-5^|^(logii|)(log^) 


T^TTK 


—    1 


(2^)-^/^  5--,6>o  _,^,,  (f)  ^>:Fi7X-T?T^:i) 


G,  (u(i))d^ 


=  —/— T—  1 .  i.m 


1.6     |^(lcgii|)(log|^) 

e 


7i'    2 


5->0,6>0      ^^g       /7IF)U-a)(b-X) 


G^(u(^))di      . 


Similarly, 


G-,(u(s))   =  4/^  l.i.m.  { 


^-5  i    M^^   1+^wi^^   \-ax 

r        -  o:;;(iog  Y~^)(iog  -r-rr) 


2i^-^^fe  iri 


b-\' 


F^(v(\))d\    . 


^■"^       x/a-^'^)(\-a)(b-X) 


Next,    we   turn   to 
Lemma  i|.lt 

The   finite  Hilbert   transform 


Kx(X)    =  1      P     f    ^  dix 


■yq 


A-r"]  ^  '■  vb"!  (v) 


■/■.    ;!> 


■i. 


I 

d+L- 


d-d 


mi'- 


A  -  * ! 


J.    3     (U)«)       •> 


taioimari.+ti.'^ 


C.        Sr 


■■I'TfvI'cTjlP 
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2 
is  a  bounded  operator  on  L  (a,b)   with  norm   l|K|f<  1  . 

Proof:   The  Hilbert  transform 

CO 
-00 

2 

is  a  unitary  operator  on  L  (-oo , oo )  [5]  .   If  we  now  take  x(\) 

2 
e  L  (a,b)   and  define  x(\)  =0,\<a,\>b.  then  the  resulting 

2 
function  belongs  to  L  (-co,oo)  .   We  then  have 

CO  00  b 

f  l(nx(x))(ix)j2dii  =  J|x(x)l^d\=  r  |x(\)|^dX  . 
-00  -00  a 

Furthermore,  for   a  <  (a  <  b  ,  (Hx(\))(ix)  =  (Kx(X))(m.)  •   Of  course, 

b  00  b 

j  |(Kx(\))(M.)|^dia  <  j  |(Hx(\))([x)|^diJL  =  J  lx(X)|^dX   , 
a  -00  a 

so  that   I |Kx(X) j I  <  I |x(X) \ \    . 


We  are  now  in  a  position  to  prove 
Theorem  14..  2 1 

The  inversion  formulae  of  Theorem  l\..l   give  the  spectral  re- 
presentation of  the  finite  Hilbert  transform,  i.e.  if  f(X)   corres- 
ponds to  g(.^)  ,  then  Kf(X)   corresponds  to   .^g(^)  . 
Proof:   The  set  of  HBlder  continuous  functions  on  the  interval 

(-1,1),  which  vanish  identically  near  the  points   -1   and  1   is 

2 
everywhere  dense  in  the  space  L  (-1,1).   The  set  of  Images  of  these 

elements  under  the  isometry  of  Theorem  i+.l  is  everjrwhere  dense  in 


■>  '  • 


*  - '  t 


,a8'i. 


(a). 


"y  -  I    r  .-* 


i  '.  - 1  ;  V.  V.  '  >  /  -"^ 


rrtvr   T>    s 


i  -  "•!  ! 


..!i 


t- ;      ,    .    I    .  1   O  ^ 


fO.O        (/ 


efrn; 


•-■;in 


(X, 


3>-tfr^iT!3l9 
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L   (a,b).      Let     g(^)      be   a  fiinctlon  on  the    interval      (-1,1)      which 
belongs    to   the   set   described   above.      Its   image   then  has   the   form 

1-a    |^(iog-^|)(iog^^) 

-1+5       v/(l-.^)(\-a)(b-\) 

where  5   is  sufficiently  small.   We  now  apply  the  finite  Hilbert 
transform  K  to  f(X)  : 

a  ^  ^        a       -i+5  /(l-:g'^)((x-a)(b-M,) 

i  /-.„,  l+5^ 


1-6    b  |_(logii|)(logMz^) 


=  4-/p   j   (P  [  ^~> g^  }g(i)di  ,   [6] 

'^   ^  -1+5    i   ^/(l-^'^)(^-a)(b-ti) 

^        1-5  l^dogi^ldosA-) 

-1+5  y(l-i'^)(\-a)(b-A) 

since  our  kernel  is  an  eigenfunction  for  the  operator  K  .   Thus 
Kf(\)   corresponds  to  S>g{S>)      when  g(^)   belongs  to  our  set.   We 
now  use  the  fact  that  our  set  is  everywhere  dense,  the  isometry  of 
Theorem  l^..l,  and  the  boundedness  of  the  operator  K  to  extend  this 
statement  to  all  functions  g(^)   of  L  (-1,1)  • 
Corollary: 

The  finite  Hilbert  transform  K  has  a  simple  continuous  spec- 
trum which  consists  of  all  points  S>     with  -1  <  i"  <  1  •   Thus 
IlKJl  =  1  . 


■'-tii-'^j    iiJ^i    i- 


'•'.*''i'3i  ■'■j'-.j  «ii  * 


^b?'3  ^'".• 


■?    .•. 


•  .       .  —         \   i.    ,      I 


m-f^^'.U  ):•> 


\ 


■  fi=^I- 


jjb  i,ii^:i^  I  ■  .. 


.1  i 


M ;  ( 


1. 1  ■ ,  i-)i 


•J  :-    J       •  1 


[Q  ^^'T-f ;-'inoRi   erjct 


* ;  '■'. 


:i[     ?,o;  •'*?■>!    ^i/a    i^bffi 


,  i        •>  1-1 


-.  7..r>,r  ;   ^;^ 


-J:'"/l;'     8*     CfO''"'.    "iUO      ^^S'-riV     ''  :.>B"i    ^ftU     &  ai»    W6 


Tii^*^   .• 


•?.*lrf 


r?  f '•"''^'  ■■ '  't  '^i">.' 


IvT  i    vf 


.!:>'.£i'A'    rr/.. 
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5.   Formal  Aspects. 

We  now  return  to  the  general  discussion.   In  order  to  obtain 
a  spectral  representation  of  (1.1),  we  would  like  to  use  an  iso- 
metric transformation  which  is,  if  possible,  associated  with  an 
integral  transformation  whose  kernel  is  related  to  the  generalized 

eigenfunctions  of  Section  2.   Vi/e  thus  proceed  in  the  following  way: 

2 
Suppose  that  g(i)   belongs  to  the  space  L  (a-e,b+e).   We 

then  define  the  analytic  function  X(z)   by  the  formula 


b+e 

(5.1)       X(2)=-^   (' Fii^.el._ ^,(^)^^ 

raax(^-e,  a)-njin(i+e,b) 


2ni 

a-e 


where  we  use  the  definition  (2.11).   Since  X(co)  =  0  ,  we  then 
hope  that  there  exists  a  function  f(\)   such  that 

b 

(5.2)      x(.)  =  ^  j  li^I  a. 

a 

Thus,  formally,  it  is  plausible  to  define  the  following  limiting 
process : 


iS-3)  fix)   =  X''(X)  -  X'(A) 

'^'^'^    r]-i.O,T]>0  J  ^   max(^-e,a)-min(^+e,b) 

Observe  that  if  it  were  possible  to  interchange  the  limiting  and 
integration  processes  in  the  last  expression,  then  we  would  obtain 
an  integral  transform  whose  kernel  is  an  improper  eigenfunction  of 


Iflni 


•f      ,'•^  J  •f-'^    :,1f 


fM 
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the  operator  L   .   Similarly,  we  define  the  analytic  function 


Y(/)   by  the  formula 


(5.ij-) 


b 
Y(/)  =  2|-j  (  ^^-^-^^^^^   f(X) 


dX 


and,  we  shall  consider  the  transformation  generated  by  Y  (i)  -  Y  (^), 


I.e. 


(5.5)  pll  ^^ 

.r)-^0,7pO  J 


2e 


(For  the  definition  of  H(/,X,e)  ,  see  (3.6).) 

We  shall  now  show  that,  formally,  (5«3)  and  (5-^)  constitute 
a  pair  of  inversion  formulae.   Wc  first  "prove"  that 

b 
(5.6)  g(^)=  1  lim  r  H.MlLv.^>-^)-H(£~iv,X,-^) 

v-^0  J 


a 


b+e 


.{  1  li,,  r  .FlxAtl^kil^'IxAiiiLL).  g(Y)dr  }dx 
-^^1  rj->0  ^   max(Y-e,a)-min(Y+e^b) 


Let  us  examine 


b+e 


1   f  H(^x,-o.  1    li,^    r      F(.x.2-tlii.^.rZLr..?Li2i-§I  g(.,)dy} 

2^^j     2e     ^TCl  j,_j^Q  j    max(Y-e,a)-min(Y+e,b) 
a  a- 1 


dX  . 


Formally,    we  may  write   the  last   expression  in  the   form 
^1  y         r^O^^^J       2e{max(Y-e,a)-min(Y+e,b)} 


2Tii 


a-e 


njv  :-y-:r:\f\ 


.lis. 


i-j-    vc 


f'  • 


^l>.^) 


'.'led^fl'jt?.'.! 


3 


Til,-    -i,~       (<.'.i) 


3^    SfW    tO'^) 


/!-,/tVi:---'. 


.>^ 


-ll)^     '^).5) 


/M    ■-■■'  V 


,3-y) 


r>-X.r( 


.-:■*■ 


■i  ©a 


:i  '^..' 


,-  r  r( 


.   \  . ' 


k  ) 


.20 


ilnce     H^(-C,X,e)    -  H_(i,X,e)    =  P"*'(.?,X,e)    -   f'{^,\,z) 
Now  we   observe   that    (see    (3'3)) 


(5.7) 


H(/a,    -   e)   =  -  H(7,\,e) 


If  we  utilize    O-ll),    we   see   that   our  last   integral   expression   is 
simply  equal   to 

b+e 

1         f      E (y)     1 
2Tti      J       Y-A 
a-e 

This,   however,    "establishes"    (5»6)    . 
We   also  wish   to   "prove"   that 


(5.8)    f(X)   = 
b+e 


271  i 


lim 


F(4X4-iv,e)-F(l,X-iv,e)  .  _i^i^     f  H  ( ^+  i  t],  O) ,  -  g )  -  H  ( ^-  i  T),  co ,  -  e ) 
max(i-e,a)-min(:^e,b)  ^^^t)-s>oJ  2e 


•    f(a))dw    }d^     . 


Let  us    examine 


b+e 
JL    r  F(^,z,e) 

2Tii 


max(^-e,  a) -rain 


i(i+e,b)    '^^^    .7->oJ  2e 


a-e 


This    is   formally  equal   to 


"P.S: 


[3 


H     ooni. 


c~'.r  «i- 


.:.o   sV? 


,   / 


u- 
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b+e 


^^1^;     ri-»0   ^^^   J_^  2e{max(^-e,a)-min(€+e,b)} 


dO)   . 


Of  course, 


(5.9) 


P(C,z,-e)  =  -P(C,z,e)    . 


Utilizing    (5-9)    and   (3-16),    wg  obtain 


1 

2iii 


a 


(O-Z 


do) 


for   our  last   integral   expression.      This   "establiehes"    (5.8). 
We  next   turn   to   the   formulae 


(5.10)      g(€)   = 


2Tii 


lim 


a 


^  ¥±^tA3.il^j:LLMlJ^j.lLZll  f(x)d\ 

v/2simin(C+e,b)-maxr€-'e.a)  } 


and 


(5.11)      f(\)   =   - 


27ri 


lim 

n->o, 


b+e 
'^>0o   p  y2e{mln(C+e,b)-max(C-e,a}}" 


The   "proof"   above  shows   that    (5.10)    and   (5.11)    are   a  pair  of 

"inversion  formulae".      We  now  claim  that,    formally,    formulae    (5-10) 

2 
and   (5.11)    represent   an   isometry  between  the   spaces     L    (a,b)      and 

L^(a-e,b+e).      (Observe   that     H_^(C,\,-e)    -   H_(<g,X,-e)   =  H_^(^,X,e; 

-   H   {^,\,e.}   =  p'^(4,X,e)    -   F'(4,X,e),    so   that   the   "kernels"   of 


M  •        '■if?  :■. 


.•  1 


,.,:.  \\  Va  )  f 


■i     ■■■f. 


!  'M:f 


-  X  ,>' 


<■    -;  ^ 


iii^-:) 


{OS. 


■2  2- 


(5«10)    and   (5'11)    are   complex  conjugates.)      Formally, 


b+e 


J     \e(€)\ 


a-e 


b+e 
a-e 


J_^  ,i?->0^^/2r{miirr4+e,t')-iTraxrC-e,aTT 

b 

.    -  ^  lim      [  H(,^^flv,|a,e)-H(^-lv,^t,eJ_  -^^dn}    d^ 
'^Tii   ^^Q    j  /2e{mln(,|+e,b)-max(^-e,a) } 


i^  [  f(\){lim 

71      /  ^->' 


a 

b+e 


0 
v->0 


a 


J  2e{min(§+e,b)-max(C-e,a)} 


a-e 


h^n"^ 


b 


f(\){liin 
v~>0 


b+e 


.{    r     {F(g,X+i:0,-£)-F(g,X-i^,-e)}{F(C,tx+iv,s)-F(g,tx-iv,e)}^^ir^^^_^^^.^ 
J  2e  {min(4;+e,b) -max(4-e,  a) } 


a-e 

b 


=  i 


f{\)'rTTjd\  . 


^ •   A  Rigorous  Troof  of  the  Spectral  Representation  for  the 
Operator  (1.1 ) . 

Let  w^  ,  CO.,  a)„,  . .  . ,  co   ...  be  a  strictly  monotone,  un- 

1   2   2        n 

bounded  sequence  of  positive  numbers.   G.  SzegO  [1,  p.  101]  has 

1  2 

shown  that  the  sequence   l'-;^  ,■■-}   is  complete  in  the  space  L  (a,b) 

1  ^2 

Of  course   {--,■-' }  is  complete  in  L  (a-e, b+e)  .  (We  shall  always 


'3  4''' 


^+rf 


^o(^j'i  /r 


~^lr,  \ 


-fi 


!  <!.'-!  .   'TiT     .. 


tU.,:; 


•ji;  --f^. 


..A,  V    c^- 

■      -   »'    ''i 

d 

d 

1 

)     X     _ 

L  /  X  ^: ;  I  1  ^«w  '^^ 

Xp{i: 


t    ^  J--    <   O  "  ^-    (  J-ij  Hi  "    \   y    f    ..  ";■,?■  /  '  ■ 


I        }' 


3 -a 
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assime   that      w        is   so   large   that    it  lies  outside   the   two    Intervals 

which   are   Involved.) 

We   now   denote   the   transformations    (.^•lO)    and    (5 'ID   ^7 

Uf(\)      and     Vg(ig)    respectively. 

Let  us   compute     I^Hy^Tj-}    •      By  the  Cauchy  Residue  Theorem 

n 

(6.1)     -^'^E(/,2,-e)  -^-^  dz  =  E(/,--a)^,-e)    -   1 


so   that 


(6.2)     ^   I   II(/,\,"e)   ~  dX  =  E(/,-(o^,-e)    -   1    . 


Hence 


(6.3)  U{t^}  = 


P(^,-w  ,-e) 


n 


^■^ "n         /2t  {mln ( ^+1 ,  b  )  -m ajcTC"  &',  a H 

F(€,-w  ,-e) 

Next,    we   compute      V{  -—7—- ^^ —         '    ■     -  ■  }         .      Prom   (3.15) 

yze  {mTnTi+iTb )  -"lax ( C- e  >  a)7 
we   obtain 

1        /^       P(5,z,e)F(C,-w^^,-e) 

-    pT^ d^ 

'^^^    -^  ^      2e{min(^+e,b)-max(4-c,a)} 

b  b 

-  -1-  JL_(      (  ^^  -    (  „-iii-}     . 

:i   z+co   ^      y     u-z         i     u+o)   '      ' 
n       -^      ^  -in 


27t: 

n 

a  a 


Hence 


P(C,-co     -e) 
(6.i|)  V   { ^ }     =     ^ 


y/2elm in ( <g+  e',  b )  -m'ax ( <g- e ,  a )  }  n 


(V.. 


.'£ 


-.0      ;!.';;: J    ..iriupE' 


( X.  d 


'.-.d) 


1  ^^\ 


J  ■.;  .j    3  ■ 
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We  also  compute   V{-  S^^M^MEKM^^^HEHl    }   .   By  the  Cauchy 
Residue  Theorem 


^  +  "n 


(^•^)  2¥i'(p^('^'^''^  jh^-  ^^   =  E(-co^,z,e)  -  1 


so  that 


b+e 


(6.6)  ^  j   P(€,z,e)  ;^  d4=  E(-a)^,z,e)  -  1 


a-e 


Hence 


(6.7)   V{-  v/^ei"^^^('^+eT^-^^ax(f:77an..„  j  =  ^(.^  ^^^g)  . 


£+to  '       n 

^  n 


Furthermore,  from  (3«10)  we  have 

b  b+e 

^  f  H(/,X,-E)H(-to^,\,e)d\  =  ^  j||~  I  {raax(v-e,a)-m.ln(v+e,b)} 
a  "a-e 

•  (^  -  ;^>  ^^ 

'      n 


so  that 


(6.8)    u{H(-co  ,\,e)}  =  ~  s/IHEM^t^IEEMIELin. 

^  n 


We  now  compute  V {  >^/Ze    }.      By  the  Cauchy  Residue  Theorem, 


/     :     . 


-ii 


U 


■2.S- 


1  ^ 

(6.9)    2^  j)E(/,z,-e)dz  =  -2^1  /  1°"  ^^^  ^^ 


a 
b+e 


1         f      mln(v4-e,b)-max(v-e,a)    ■,     _     1        (rr^/7  > 
.^_.     j v-7  '^^  -   271   jN(^^' 

a-e  a 


•e)d\ 


(use   integration  by  parts) 


Hence 


(6.10)  U{/2e    }  =  ^/7tiin(  4+e ,  b )  -rnazT^- e ,  al    • 
Furthermore, 

(6.11)  ^i)E(/,z,e)d/=-||.  J^-t  =  ^  J     P(c,z,e)ac, 

-^  a  a-e 

so    that 

(6.12)  V{v/rain(4+T7bl'^iTiax( ^-e ,  a)  }  =  v/2e 

One  may  easily  verify   that 

b+e 

(6.13)  2e(b-a)   =     |      {mln(C+e,b)    -  max(  ^~e,  a)  }d.?i  . 

a'-s 

From   (3.10)    we   see   that 

b  b+e 

,,    ,,  ,      { —, -— :r— — ttt/  ■^       n  J^  {        2c  (mln  ( v+ c ,  b  ) -max  (  V  -  c ,  a )  }       , 

(6.11^)        H(-a)     \,e)H(-a)^,X,e)dX  =  —^ /^^.^   )(v+a)  T ^  dv    . 


„    o  n  m 

a  a-e 


Prom   (3.15)    we   obtain 

(^•15)    /     2e(min(4^e,TPm-iiTFr75TT  ^^  =    J     (ix^V(,+  coJ    •    ^^^    ^^'^^^ 


^■*"^P(C,~"  ,-c)F(I,-'^^,-e^  ^ 


n  m 

a-e 


/  P  .    "i  ■> 


/^^ 


r 


\n: 


..•^..    — i(v,j 


V4J 


:''•?  ji;  a..- 


rN  i.  r         ^ 


y-P.iT'.    ■MX'.i 


1.  f.  i  •  ■-   / 


■26 


From   (6.2)    and   (6.6),    we   see   that 


b+e 


(6.16) 


H(-co^;77:;Ty^  dx  = 


n 


a-e 


m 


b+e 


F(^, -w   ,-e) 

r i_r_ n  . 


a-e 


/2e  f m  fnri+  e ,  'bT-  max\^-e,&T  } 


} 


f-j2e  imInTtg+e,b  J-max(>^-e,  a)  } ,  , 
^  i:  +   0)  '^ 


^ 


m 


Prom   (6.9)    we  have 


(6.17)       I  H(-w^,X,e)d\ 


so   that 


b+e 


ma.x(  V--S,  a)-min(  v+e  ,b)     •, 

~i -.^ i ..     cly 

V+O) 


a-e 


n 


(6.18)    I  H(-co^,X,e);/2^    d\ 
a 

b+e 

f         /2e{mln(v+e,b)-max(v-e,  a)  }         /—:—, — r— -ri t- — — r     ^ 

-     /      -  ^ ^ i-_-_i — i i J — u.   .  ymin(  v+e,b)-max(  v-e,  a)      dv 

J  V+O) 

a-e  n 


Prom   (6.11)    we   obtain 


b+e 


(6.19)      J    P(S,-V-^>^€=2^    j  ^ 
a-e  a  ^ 


so    that 


':U'Of 


r'-r  i>rA 
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(6.20) ^         —  ■    -  •  v/mln(^+e,b)-]Tmx(4-e.a)d4 

^  Jg    \/Zz  {mlri(^+  e  ,T~)  -  in axT-^-  e ,  a ) T 


2 
Now   lot      D       bo   the   linear   subset   of     L    (Q,b),    which    la 

generated  by   the   elements 

{   X+cT   '    "(-"^'^'E)    ,  JZz    },        n,    m  =   1,2,3,     ...    . 
n 

Similarly,    let     Dp     be   the  linoar  subset  of     L"(a-e,b+e),    whlcli    la 

generated  by  the   elements      { ; — -~— — — — ;; , 

^26  {mln(  4+  6  ,  b  T^m ax r^TTaT} 

£^     +       U> 

^         ra 
1,2,3,...      •      BecauflG   of  the  remarks    at   the  boglnnlnj^  of   this   sec- 
tion,   one   can   easily   show    that      D,       aiid     D„      are   everywliero   dense 
In   their  respective   H.llbert   spaces.       (6.3),    (6.);),    (6.7),    (6.0), 
(6.10),    (6.12)      show   tliat  relative   to     D-,      and     D^ 

( 6 .  21 )  UV  =   1    ,      VTJ  =   1      . 

(6.13),    (6. Ill),    (6.15),    (6.16),    (6.10),    (6.20)    show   that   relative   to 
D,       and     Dp    ,    the   transfoi-matlonn      TJ      and     V     arc    Isomotrlos,    I.e. 

(6.22)  l|Uf(X)l|    -    ||r(X)|l     ,         f(A)    e    D^^ 

llvg(€)||   =   ||c(4-)ll    ,       r,(^)   e  J)^       . 


^.^■(^ 


( O'ft .  0  i 


u 


..d) 


t'i'J' 
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Thus  if  we  restrict  the  domains  of  the  operators   U  and 
V  to  the  linear  subsets  D   and  D^  respectively,  the  operators 
are  bounded  and  have  unique  bounded  extensions  U,  V  defined  for 
all  elements  of  L^(a,b)   and  L^(a-e,b+e)  respectively.   Obviously 


(6.23)  UV  =  1  ,    VU  =  1 


and 


(6.21;)       l!uf(X)ll  =  lif(X)||  ,  llv;s(^)l|  =  llg(4)|| 


Hence  U  and  V  are  Isometric  mappings 
We  shall  now  establish  that  if 


f(X)  --=  Vg(C)  , 


then 


L  f(X)  =  V€S(€) 
e 


We  first  remark  that  since  V  is  an  isometry  and 

^  ^2e{min(g+e,b)-maxT€^"arT}  ,  n  =  1,2,3,  ...   is  a  complete  set 

^  "^  "n 

in  L^(a-e,b+e)  ,   {H(-o)^,X,  e ) },  n=  1,2,3,  ...   is  a  complete  set 

^,    X    ,,          ^    ^r  <r{-/'2e~minT€+e,b')-max(g-e,a) }  , 
in  L  (a,b)  .   We  now  compute   V{  -^^-^ — ^-^a-— ^-^i iJs™-^ — >-a-^    . 

^     n 

-0) 

Observe   that     -^^rr-  -  -vrTr-  +1      so   that   the   element  whose    image  we   shall 

£+  (JO  t  +  U) 

^     n       ^     n 


<%     ,  r      h 


eii    ,"y;l3v 


/     .  T,I 


rd      acre; 


'dT 


.•.*'jV, 


t>t  >kJ 


:.-;i2 


;   u. 


'it 


'iW      J. 


!      -•     M 


x)ii  j  ^^  n(x)iu 


J/XfiOD     i? 


V3,/Mjj^^^-/- 


(F 


?«.". 
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compute,    lies    in     D^    •      In     Dp,    howe   or,      V  =   V   .      Using    (6.7)    and 
(6.12),    we   obtain 

(6.25)  '^{£b>/2LSlILillL^Li^l^^  ,=   ..   wH(-a)  ,X,e)-   2i 

£+(ji  n         n 

n 

However,  from  (3*1)  and  (3-6)  we  see  that 


(6.26)  -  w^H(-a)^,\,e)  -  2e  =  XH(-  co^,\,e)  +  e  {[e"^( -a)^,X,  e  )-l] 

+  [E"(-a)^,X,8)  ~  1]}   . 


,  z.  e ;  -  X  -  -s 

n 

expression  is    equal   to 


But     E(-    0)„,    z,    e)    -   1  =  j^ 


^  H(-a)  ,ii,e) 

u^'z ~"   ^^   '    ^°   that   the  last 


J'  H(-a)  ,ti,e) 

\H(-a)  ,X,e)   +  ™  P         — ^^ dio,  =  L    {H(-a)  ,X,e)} 

n  Tii        j  [i.-\  "^  e  ■■  n 


a 


Thus   we  have   established   that 


(6.27)        L    {H(-a)  ,X,s)}  =  7u{   '  ^/Mj^M^t£2±l3MIMIEIl   )    . 

^  "  4  +   CO 

^         n 

Because     L        is   a  bounded  operator  and  because   the   sets   of 
functions    Involved  are   complete,    we  may  immediately  conclude   that   if 


f(X)   =   Vg(4)      > 


then 


s"^'  '■-  ■  {.'li. 


■^.^  "-^n 


3 
'a  -  ■ 


■  ~— *"«»«*  — »—«yBr- 


"^'=!.tIlU 


...  ii  ' 
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This  establishes  a  spectral  representation  for  the  operator  L   , 
so  that  we  have 


Theorem  6.1; 

The  operator  L   (see  (1.1))  has  a  simple  continuous  spec- 
trum which  consists  of  all  points  ^     with  a-e  <  -4  <  t+e  . 


m/^ 


-A. 


lo 


!  J.. «  O 


js    Bnri      (ii.I)    ess)    .4     '•ioicc--' 
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Footnotes 


sy  The  perturbation  L  +  e  •  1  ,  for  example,  causes  a  shift 

in  a  trivial  manner. 

\/    The  sequence  may  possibly  contain  only  a  finite  number  of 
distinct  elements. 

\y  We  cut  the  /-plane  along  the  real  axis  from  -1  to  1  . 


f  - 


\  J. 


■'■■■■•■    ■  ■'  *  "  •■'xcr   B   nl 
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J^J         "'■'   X   ,.•  ,U  ^t 
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